We propose a new nonparametric estimator for the density function of multivariate bounded data. As frequently observed in practice, the variables may be partially bounded (e.g., nonnegative) or completely bounded (e.g., in the unit interval). In addition, the variables may have a point mass. We reduce the conditions on the underlying density to a minimum by proposing a nonparametric approach. By using a gamma, a beta, or a local linear kernel (also called boundary kernels), in a product kernel, the suggested estimator becomes simple in implementation and robust to the well known boundary bias problem. We investigate the mean integrated squared error properties, including the rate of convergence, uniform strong consistency and asymptotic normality. We establish consistency of the least squares cross-validation method to select optimal bandwidth parameters. A detailed simulation study investigates the performance of the estimators. Applications using lottery and corporate finance data are provided.
Introduction
Among multivariate nonparametric density estimators, the standard Gaussian kernel is the most popular. The estimator has excellent asymptotic properties; see Silverman (1986) , Scott (1992) , and Wand and Jones (1995) for more details. However, the estimator does not take into account the potential finite support of the variables. When the support of some variables is bounded, for example, in the case of nonnegative data, the standard kernel estimator continues to give weight outside the supports. This causes a bias in the boundary region. The boundary bias problem of the standard kernel is well documented in the univariate case. An initial solution to the boundary problem is given by Schuster (1985) , who proposes the reflection method. Müller (1991) , Lejeune and Sarda (1992) , Jones (1993) , Jones and Foster (1996) , and Cheng, Fan, and Marron (1997) suggest the use of adaptive and boundary kernels at the edges and a fixed standard kernel in the interior region. Marron and Ruppert (1994) investigate some transformations before using the standard kernels, and Cowling and Hall (1996) propose a pseudodata method. Recently, Chen (2000) , Bouezmarni and Scaillet (2003) , and Bouezmarni and Rombouts (2006) study the gamma kernels for univariate nonnegative data. For data defined on the unit interval, Chen (1999) proposes to use a beta kernel.
The boundary bias problem becomes more severe in the multivariate case because the boundary region increases with the dimension of the support. Boundary regions are illustrated in Figure 1 for bivariate nonnegative data. In panel (a) there is no boundary problem because the data are far away from zero. In this case, the standard kernel has the best performance. However, we will see in the simulations of this paper that the estimator we propose is very close to this optimal performance. In panel (b) and in particular panel (c) of Figure 1 , the standard kernel has poor performance because it underestimates the density in a large area of the support. This severe under performance in the case of two boundary problems is further illustrated in Figure 2 . Although the consequences of the boundary problem in multivariate dimensions are much more severe, solutions to the problem are not well investigated. Müller and Stadtmüller (1999) propose boundary kernels for multivariate data defined on arbitrary support by selecting the kernels that minimize a variational problem. In fact, they extend the minimum variance selection principle kernel used to select the optimal kernel in the interior region, as in Epanechnikov (1969) and Granovsky and Müller (1991) . In the nonparametric regression context, the problem of boundary bias is developed by Gasser, Müller, and Mammitsch (1985) , and Zhang, Karunamuni, and Jones (1999) for the univariate case, and Fan and Gijbels (1992) , , Staniswalis, Messer, and Finston (1993) , and Staniswalis and Messer (1997) for multivariate data. This paper proposes a nonparametric product kernel estimator for density functions of multivariate bounded data. Estimation is based on a gamma kernel or a local linear kernel when the support of the variable is nonnegative and a beta kernel when the support is a compact set. By doing so, no weight is assigned outside the support of the underlying density so that the estimators are robust to the boundary problem. The method is easy in conception and implementation. We provide the asymptotic properties of these estimators and show that the optimal rate of convergence of the mean integrated squared error is obtained. For the multivariate uniform density, we show that the estimator we propose using beta kernels is unbiased. We examine the finite sample performance in several simulations. As for any nonparametric kernel estimator, the performance is sensitive to the choice of the bandwidth parameters. We suggest the application of the least squares cross-validation method to select these parameters. We prove the consistency of this method for the proposed estimators and investigate its performance in the simulations.
The rest of the paper is organized as follows. We introduce the multivariate nonparametric estimator for multivariate bounded data in Section 2. Section 3 provides convergence properties. The consistency of the least squares cross-validation bandwidth selection method is established in Section 4. In Section 5 we investigate the finite sample properties of several kernel estimators for nonnegative bivariate data. Section 6 contains two applications, one with lottery data and another with corporate finance data. Section 7 concludes. The proofs of the theorems are presented in the Appendix.
Nonparametric estimator
., n} be a sample of independent and identically distributed random variables with an unknown density function f . The general multivariate nonparametric density estimator is given byf
where K denotes a multivariate kernel function and (h 1 , ..., h d ) the vector of bandwidth parameters.
In practice the choice of K is especially difficult when the supports of the random variables are potentially unequal. Therefore, we propose to use the product kernel estimator with adapted and flexible kernels in order to solve the boundary bias problem. The estimator is defined aŝ
where b 1 , ..., b d are the bandwidth parameters and the kernel K s is a kernel for variable s. Throughout the paper, this superscript s will be omitted for notational convenience. As described in the introduction, the kernel for each variable is chosen to be the standard kernel, which is indeed optimal when the total support is I R d . We consider two cases for random variables with bounded support. First, when the support of the variable is nonnegative, we propose the use of either the local linear kernel denoted by K L or one of the two gamma kernels K G , K N G as shown below. Thus,
K is any symmetric kernel with a compact support [−1, 1] and
The kernels K G and K N G are respectively defined as
,
where,
Second, when the variable has a compact support (for simplicity we take here the unit interval) we suggest the use of the beta kernel
or a modified beta kernel
where B(α, β) is the beta density function with parameters α and β, b is the smoothing parameter, and ρ(x) = 2b 2 + 2.5 − 4b 4 + 6b 2 + 2.25
Note that finally it may also happen that there is a point mass on the boundary with probability p. For example, Grullon and Michaely (2002) study dividends and share repurchases, which both have multiple zero observations. In this situation we suggest the estimation of the probability p by the observed proportion and the density function in (0, +∞), by using the normalized kernel
with the kernel K as defined above. This case is studied, for example, by Gourieroux and Monfort (2006) for the beta kernel estimator with applications to credit risk data. For the bivariate nonnegative data case and for the gamma kernel, Figure 3 illustrates the flexibility of those kernels. They are asymmetric at the boundary points and symmetric away from the boundaries. The kernel never assigns weight outside the support and is therefore free of boundary bias. To conclude, the nonparametric estimator we propose allows the kernels in the product kernel to be based on the support of the underlying variables. We can, for example, combine beta with gamma kernels if the supports of the variables are the unit interval and the positive real line, respectively. Furthermore, the nonparametric estimator with a gamma or beta kernel is always nonnegative, while the Müller and Stadtmüller (1999) estimator can be negative. The latter estimator also requires an additional bandwidth parameter and a weighting function.
Convergence properties
In this section we establish the main asymptotic properties of the nonparametric estimator described in the previous section. We consider the case where all the variables have nonnegative Assumptions on the bandwidth parameters
The following result states the mean integrated squared error (MISE) of the nonparametric estimator.
Theorem 1. mean integrated squared error off Suppose that f is twice differentiable. Letf be the nonparametric estimator with the gamma kernel. Under assumption B1
where a i = b i and
The optimal bandwidths that minimize the asymptotic mean integrated squared error are
Therefore, the optimal asymptotic mean integrated squared error is
Theorem 1 proves that the rate of convergence of the bias of the nonparametric estimator is uniform, hence it is free of boundary bias. The rate of convergence of the mean integrated squared error becomes slower when the dimension of the random variable increases. This is known as the curse of dimensionality. We see that in the boundary region, the variance of the product kernel estimator is larger in comparison with the variance in the interior region. However, the increase of the variance is compensated by a smaller bias in this region. Away from the boundaries, we have the opposite effect, that is, a lower variance and a slightly higher bias. Fortunately, the second derivative of the density function is negligible away from zero.
Remark 1. If we suppose that a = a 1 = ... = a d , the optimal bandwidth is
and the optimal asymptotic mean integrated squared error is
The following remark states the MISE of nonparametric estimator with local linear and the new gamma kernel.
Remark 2.
• For the local linear estimator, the results of Theorem 1 remain valid with a j = h 2 j and
where
• For the new gamma estimator, the results of Theorem 1 remain valid with a j = b j and
For the uniform density on [0, 1] d , the rate of convergence of the mean integrated square error of the standard kernel becomes O(n −2/(d+2) ). Devroye and Györfi (1985) established a corresponding result for the mean integrated absolute error in the univariate case. This lower rate is due to the decrease in the rate of convergence of the bias. For data on [0, 1] d , our estimator uses beta kernels. The next proposition states that our estimator is unbiased and that a large bandwidth is needed. In fact, when the bandwidth parameter tends to infinity the beta kernel becomes the uniform density. Proposition 1. MISE when f is a uniform density Suppose that f is the uniform density on [0, 1] d . Then, the nonparametric estimatorf with beta kernels is an unbiased estimator for f and its integrated variance is given by:
The following theorem establishes the uniform strong consistency of the nonparametric density estimator using gamma kernels.
Theorem 2. Uniform strong consistency off
Let f be a continuous and bounded probability density function. Under assumption B2, for any compact set I in [0, +∞), we have
The following theorem deals with the asymptotic normality of the nonparametric density estimator of the gamma kernel estimator.
Theorem 3. Asymptotic normality off
Suppose that f 1 , ..., f d are twice differentiable at x. Also suppose that the bandwidth parameters satisfy (2). Then we have
with I = {j, x j /b j → ∞} and I C its complement, and
The next remark gives the asymptotic normality of the product kernel with the local linear kernel and the new gamma kernel.
Remark 3. The asymptotic normality in (3) remains valid
• With the local linear kernel, with
• With the new gamma kernel, with the same σ * and
Bandwidth Selection
Theorem 1 establishes the optimal bandwidth parameter, which cannot be used in practice because it depends on the unknown density function. In this section, we propose to use the least squares cross-validation (LSCV) method to select the bandwidth. This technique has been developed by several authors. For the Gaussian kernel estimator, its consistency is investigated by Rudemo (1982) , Hall (1983) , Stone (1984) , Bowman (1984) , Härlde and Marron (1985) , and Marron and Härlde (1986) . In this section, we show the performance of the LSCV method for the product kernel estimator based on the gamma kernel. We first explain how the method works. The LSCV method is based on the minimization of the integrated squared error which is defined as
Because the last term does not depend on the bandwidth parameter, minimizing the integrated squared error boils down to minimizing the two first terms. However, we need to estimate the second term since it depends on the unknown density function f . The LSCV estimator of ISE h − f 2 is
The bandwidth LSCV rule selection is defined as followŝ
Our aim is to prove that this choice is asymptotically optimal in terms of the mean integrated squared error. To establish this result, we need some additional assumptions. Because the optimal bandwidth parameter is of order O(n −2/(d+2) ), we suppose thatb ∈ H n , where
We assume that #(H n ) ≤ An α , where A and α are positive constants (4) and
The following theorem states thatb is asymptotically optimal.
Theorem 4. Under condition (4) and (5), we have
where b 0 is the bandwidth that minimizes the mean integrated squared error.
Finite sample properties
In this section we study the finite sample properties for the nonparametric density estimator for bivariate data with non-negative supports. We compare the two first moments of the mean integrated squared error distribution of the nonparametric product kernel estimator using the following kernels: Gaussian, Gaussian with log-transformation, local linear, gamma, and modified gamma. We consider the following six data generating processes:
• Model A: no boundary problem, bivariate normal density with mean (µ 1 , µ 2 ) = (6, 6) and variance (σ 2 1 , σ 2 2 ) = (1, 1) and correlation r = 0.5.
• Model B: one boundary problem, truncated bivariate normal density with mean (µ 1 , µ 2 ) = (−0.5, 6) and variance (σ 2 1 , σ 2 2 ) = (1, 1) and correlation r = 0.5.
• Model C: two boundary problems, truncated bivariate normal density with mean (µ 1 , µ 2 ) = (−0.5, −0.5) and variance (σ 2 1 , σ 2 2 ) = (1, 1) and correlation r = 0.8.
• Model D: two boundary problems, bivariate independent Weibull density with shape parameter 0.91 and scale parameter 1.
• Model E: bivariate independent standard log-normal.
• Model F: bivariate independent inverse Gaussian with mean µ = 0.8 and the scaling parameter λ = 1.
From Figure 4 , which displays the densities for the six models, we observe that we cover a wide range of shapes. In simulations, we consider the sample sizes 250 and 500 and perform 100 replications for each model. In each replication the bandwidth is chosen such that the integrated squared error is minimized. For each model, the support of integration is specified such that the density is negligible outside this support. We report the mean and the standard deviation of the A: bivariate normal, B: truncated bivariate normal with one boundary problem, C: truncated bivariate normal with two boundary problems, D: two independent Weibull with two boundary problems, E: two independent standard log-normal, F: two independent inverse Gaussian. For each replication, the bandwidth parameter is chosen such that the integrated squared error is minimized. Std dev: standard deviation, Log-Trans.: log-transform estimator and Mod. gam.: modified gamma estimator.
mean integrated squared error in Table 1 . As a general remark we observe that the mean and the variance of the MISE decreases for all models, as expected. Also as expected, the mean MISE increases when the boundary region becomes larger. For example, for n = 500, the mean MISE of the Gaussian kernel is 0.01733 in the case of one boundary problem (model B) and it becomes 0.06216 when there are two boundary problems (model D). Next, we summarize the main findings for each model separately. For model A, the Gaussian kernel estimator is the best since there are no observations in the boundary region. In terms of mean MISE, the gamma and the modified gamma kernel estimators perform almost the same as the Gaussian kernel estimator, and they are better than the log-transform estimator. In terms of variance, the estimators have also almost the same performance. For example, for n = 500, the mean MISE for the Gaussian and gamma kernel is 0.0019 and 0.00207, respectively, and the standard deviation for both is 0.0066. For models B and C, the local linear and the modified gamma kernels have the same performance and dominate the other kernels in terms of mean and variance MISE, while the gamma kernel and especially the log-transform Gaussian kernel underperform. Obviously, the Gaussian kernel underperforms since there is a boundary bias problem. For model D, where the density function is unbounded at zero, the local linear estimator dominates especially for n = 250, followed by the modified gamma and then the gamma kernel estimator. The logtransformed Gaussian kernel is not a good estimator for this model. For example, for n = 500, the mean MISE for the log-transformed and the local linear kernels are 0.02457 and 0.00841, respectively. The performance of the log-transformed Gaussian kernel improves only mildly when the sample size increases. As expected, for the standard log normal density of model E, the logtransformed Gaussian kernel performs better than the others. For this model, the two gamma estimators dominate the local linear estimator. For the inverse Gaussian density (model F), the modified gamma kernel dominates clearly for both samples sizes, followed by the gamma kernel estimator. For n = 500, the gamma kernel, the local linear and the Gaussian kernel estimators have perform similarly and dominate the log-transformed kernel estimator.
For each replication in the simulation we also computed the optimal bandwidth by LSCV method whose consistency was established in the previous section. Tables 2 and 3 report details for the theoretical and LSCV bandwidth parameters for models A to D (models E and F are left out for the sake of brevity). First, we can observe that the local linear estimator bandwidths are larger than the bandwidths used by the Gaussian kernel. The same is true for the bandwidths of the modified gamma estimator compared with the gamma kernel estimator. We also find as expected that the variance decreases with the sample size. Comparing the bandwidths obtained from LSCV procedure and that implied by minimization of the theoretical MISE, we can observe that the means are quite close to each other. In terms of variance, the LSCV bandwidth estimates are more variable than the theoretical ones. This is not surprising, in particular for the local linear estimator; see Hall and Marron (1987) , Scott and Terrell (1987) , and Chiu (1991) . For example, for model D and n = 250, the standard deviation becomes (3.074, 2.067) instead of (5.541, 5.665) for the theoretical case. We also remark that the two gamma kernel estimators are more stable than the local linear for the LSCV bandwidth selection procedure. The variation coefficient of the gamma kernel estimators are smaller than that of the local linear estimator. For example, for model B and n = 250, the variation coefficient for both bandwidths is (0.741,0.855) and (0.447, 0.803) for the local linear estimator and the modified gamma kernel estimator, respectively. We also want to draw attention to what happens with the bandwidths when we go from model A (no boundary problem) to model B (one boundary problem). We find that with the second bandwidth (where we have the boundary problem), the Gaussian kernel estimator substantially decreases in order to correct the bias while the first remains invariant. For example, for n = 250, the bandwidths are (0.121, 0.392) for model B, in comparison with bandwidths used in model A (0.372, 0.369). For the two gamma kernel estimators, we remark the opposite effect. These use a larger bandwidth when there is a concentration of data in the boundary region. For example, for n = 250, the mean bandwidth of the gamma kernel estimator is (0.240, 0.221) in model A and (0.828, 0.181) in model B. By doing this, the two estimators reduce the variance in the boundary region, which is related to Theorem 1 of the previous section. As a final illustration of the LSCV procedure, Figure 5 shows the mean over all the replications of the theoretical MISE and its LSCV estimator for two gamma kernel estimators. We observe that in all cases there is a global minimum for the bandwidth parameters and that the theoretical MISE and LSCV MISE surfaces are quite similar.
Applications
We have two illustrations. In the first illustration we reproduce the density estimates of the second example in Müller and Stadtmüller (1999) . The data come from the 1970 US draft lottery data and are available on the Statlib website. We have 365 pairs of observations. The first element is the day of the year (1, 2, . . . , 365) and the second element is a priority score assigned to that day. If the priority scores are randomly assigned to the days, the density should be flat over the support. Figure 6 demonstrates clearly that this is not the case. Indeed, we observe that lower scores are assigned to those born early in the year. A formal test could be conducted to check that this surface is flat.
The second example illustrates the two boundary problem for nonnegative data. We collect data for 620 companies from Compustat for the year 1986. The first variable (Compustat item 24) is the price of the stock of the company when the books are closed at the end of the accounting year. The second variable (Compustat item 25) is the number of shares that can be bought on the stock market. Figure 7 displays the scatter plot and the nonparametric density estimates. There is clearly a high concentration close to the origin, which would result in a serious boundary problem if the standard Gaussian kernel were used. We notice that the price of the stock and the number of stocks in the market seem to be positively associated. 
Conclusion
This paper proposes a nonparametric estimator for density functions of multivariate bounded data. The estimator is based on a gamma kernel or a local linear kernel when the support of the variable is nonnegative, and we use the beta kernel when the support is a compact set. By using boundary kernels, no weight is assigned outside the support of the underlying density so that the estimators are robust to the boundary problem. We provide the asymptotic properties of the estimator and show that the optimal rate of convergence of the mean integrated squared error is obtained. We examine the finite sample performance in several simulations. In fact, we find that the estimators we propose perform almost as well as the standard Gaussian estimator when there are no boundary problems. With respect to the choice of the bandwidth parameters, we suggest to apply the least squares cross-validation method for which we prove consistency. In the simulations we find indeed that the distributions of the bandwidth parameters are close to the theoretical distributions. Further research on this work can be done on different angles. It would be interesting to perform another detailed simulation analysis to investigate alternative bandwidth selection methods (i.e. biased cross validation or bootstrap) and to compare our estimator with the Müller and Stadtmüller (1999) estimator. The results can also be extended to the multivariate time series case, the censored data case or further developed for multivariate nonparametric regression and for multivariate data defined on more involved supports.
Appendix
We give the proofs for the nonparametric estimator using gamma kernels.
Proof of Theorem 1
We start with the bias of the nonparametric gamma estimator
where the random variables Y j are independent and gamma distributed G(x j /b j + 1, b j ) with mean
Using a second order Taylor expansion
Now, the variance of the nonparametric gamma estimator is
where ϕ x = (Z 1 , ..., Z d ) and the random variables Z j are independent and gamma distributed G(2x j /b j + 1, b j /2) and
where Γ is the gamma function. Define
Let us recall the following properties of R:
R(x) < 1, for all x > 0 and R(x) −→ 1 as x −→ ∞.
Combining these properties with Stirling's formula we can show that
and from a Taylor expansion
where I = {j, x j /b j → ∞} and I C its complement.
The second product disappears in the integrated variance. Let
By combining (7) and (6), we obtain the mean integrated squared error of the nonparametric estimator with the gamma kernel.
Proof of theorem 2
We denote by µ x = (µ x 1 , ..., µ x d ) where µ x j is the mean of a gamma random variable with parameter (1/b j , x j /b j + 1).
Since f is continuous, µ x = x + b and b → 0, with b = (b 1 , ..., b d ) we have, for any ǫ there exists δ such that
We start with
From (8),
On the other hand, using Chebyshev's inequality and that Var(
Hence, from (9) and (10),
Now, it remains to prove that the variation term I E f np (x) −f (x) converges almost surely to zero. Using integration by parts,
We can see that
Therefore, and from Kiefer (1961) ,
with some constants c < 2 and C(d) depending on the dimension d. Let us take
Therefore, I E f np (x) −f (x) converges almost surely. This concludes the proof of theorem 2.
Proof of Theorem 3
We start with the classical decomposition and using the expression of the asymptotic bias:
Hence, and using that
Now, we apply Liapunov central limit theorem to prove the asymptotic normality of
Using (7) and that
. This concludes the proof of theorem 3.
Proof of Theorem 4
To show the results of the theorem, it suffices to establish that:
To show that I converges almost surely, we state that:
and that
For the remainder and without loss of generality we consider that M ISE b = Cn
We start to prove (11),
On the other hand,
where F n denotes the empirical distribution function. Hence, we have
First, for the non-random term I 4 , let us show that there is a constant γ > 0, so that for all k = 2, 3, .., there exist constants A k such that
Second, we show that the two terms which concludes the proof for I 2 .
For I 3 , we use that the bias of gamma kernel estimator is of order O(b) and that K(b, x)(t)dx < C for some constant C, so that we can show,
Therefore, as for I 2 term
, which concludes the proof for I 3 .
For the term I 1 , applying Chebyshev's inequality and (4), we obtain
Remark that I 1 can be re-expressed as follows
Note that for i = j, the mean of W i,j is zero. Now, from the linearity of cumulants, it suffices to show that there exists a constant α, so that for k = 2, 3, · · · , there are a constants α k such that
Let m denote the number of i 1 , j 1 , · · · i 2k , j 2k that are unique and that for m = 2, · · · , k, the number of element of cumulants with m distinct elements is bounded by Cn m
Now, for m distinct indices, i.e. t i1 , t j1 · · · t i k , t j k ∈ {t 1 · · · t m }, and by definition of K b (t i , t j ),
For simplicity, let us regroup the terms concerning t 1 and suppose that there are δ 1 terms in {i 1 , j 1 , · · · i k , j k }. We get (1−δ 1 ) .
Then, and from condition (5) (1−δ 1 )
Using that
Therefore, from (13), (13), (14) and (15), we conclude the almost sure convergence of I 1 /M ISE b .
Now we prove (12). Let us see that
where G bn = 1 n f b (X i ) − (f b (X)) and G n = 1 n f (X i ) − (f (X)).
The first term can be expressed as
The expression f b (t) − f (t) is the bias of the gamma kernel estimator and is of order O(b), then I E(W 2 i ) = Const b 2 . Therefore, as in Lemma 1, we can see that
which states the almost sure convergence of I/M ISE b .
The second term can be expressed as
As for I 1 term, it suffices to calculate I E(W i 1 ,j 1 , · · · W i k ,j k ). Using that K(b, x)(y) ≤ Cb −1/2 and that each i 1 , j 1 , · · · i k , j k may appear twice, we can see that I E(W i 1 ,j 1 , · · · W i k ,j k ) = O(b − σk 2 ) for 0 < σ < 1. Then
which concludes the almost sure convergence of II/M ISE b , and therefore also concludes the proof of Theorem 4.
